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Abstract                                                                                                                                                                                                            
Combined effects of conduction and convection on magneto hydrodynamic (MHD) boundary layer flow with viscous dissipation 
and heat generation along a vertical flat plate have been described in the present work. The governing boundary layer equations 
with associated boundary conditions for this phenomenon are converted to non-dimensional form using a suitable transformation. 
The resulting non-linear partial differential equations are then solved using the implicit finite difference method with Keller–box 
scheme. The numerical results in terms of the skin friction coefficient, the surface temperature, the velocity and the temperature 
profiles over the whole boundary layer are shown graphically for different values of the Prandtl number Pr, the magnetic 
parameter M, viscous dissipation parameter N and the heat generation parameter Q.  
© 2014 The Authors. Published by Elsevier Ltd. 
Selection and peer-review under responsibility of the Department of Mechanical Engineering, Bangladesh University of 
Engineering and Technology (BUET). 
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1. Introduction 
    Free convection flow is often encountered in cooling of nuclear reactors or in the study of the structure of stars 
and planets. Along with the free convection flow the phenomenon of the boundary layer flow of an electrically 
conducting fluid up a vertical flat plate in the presence of a strong magnetic field is also very common because of its 
application in nuclear engineering in connection with the cooling of reactors. Gebhart [1] has shown that the viscous 
dissipation effect plays an important role in natural convection in various devices which are subjected to large 
deceleration or which operate at high rotative speeds and also in strong gravitational field processes on large scales 
(on large planets) and in geological processes. The effect of pressure stress work and viscous dissipation in some  
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natural convection flows has been analyzed by Joshi and Gebhart [1]..Alim et al. [3] investigated the Joule heating 
effect on the coupling of conduction with MHD free convection flow from a vertical flat plate. Alim et al. [4] also 
studied the effect of viscous dissipation & pressure stress work on free convection along a vertical flat plate with 
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Joule heating and heat conduction.  
 
 
Nomenclature 
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Cfx 
Cp 
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Pr 
Q 
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Tb 
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plate thickness 
local skin-friction coefficient 
specific heat at constant pressure 
dimensionless stream function 
dimensionless temperature 
applied magnetic field strength. 
magnetic parameter 
viscous dissipation parameter 
Prandtl number 
Heat generation parameter 
temperature of the flow fluid 
temperature at outside of the plate 
temperature of the ambient fluid 
 
 
 
 
u,v            velocity components along x,y direction 
x,y             streamwise and transverse co-ordinate 
 
Greek  symbols 
E               volumetric coefficient 
\              stream function 
K              dimensionless similarity variable 
U              density of the fluid inside the boundary 
layer 
Q               kinematic viscosity 
P              viscosity of fluid 
T              dimensionless temperature 
Ww            shearing stress 
 
 
    Mamun et al. [6] analyzed effects of conduction  and convection on MHD flow with viscous dissipation from a 
vertical flat. Merkin and Pop [7] studied the conjugate free convection on a vertical surface. Pozzi and Lupo [8] 
investigated the coupling of conduction with laminar convection along a flat plate. 
    At last Combined effects of viscous dissipation and temperature dependent thermal conductivity on MHD free 
convection flow with conduction and joule heating along a vertical flat plate has been investigated by Nasrin and 
Alim[9]. The present study is to incorporate the idea that the combined effects of conduction and convection on 
MHD free convection boundary layer flow with viscous dissipation and heat generation along a vertical flat plate. 
The governing boundary layer equations are transformed into a non-dimensional form and the resulting non-linear 
system of partial differential equations are solved numerically by very efficient implicit finite difference method 
together with Keller-box scheme [5].  
2.  Formulation of the Problem 
    At first we consider a steady, two-dimensional natural convection flow of an electrically conducting, viscous 
incompressible and electrically conducting along a vertical flat plate of length l and thickness b(Fig. 1). 
    It is assumed that heat is transferred from the outside surface of the plate, which is maintained at a constant 
 
 
 
 
 
 
 
                                                           
                                                           Fig. 1. Physical configuration and co-ordinate system 
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temperature Tb , where Tb > T∞ , the ambient temperature of the fluid. A uniform magnetic field of strength H0 is 
imposed along the y -axis i.e. normal direction to the surface and x - axis is taken along the flat plate. The governing 
equations of such laminar flow with viscous dissipation and also heat generation along a vertical flat plate under the 
Boussinesq approximations for the present problem can be written as 
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The appropriate boundary conditions to be satisfied by the above equations are  
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It is observed that Equations (2) and (3) together with the boundary conditions (4) are non-linear partial differential 
equations. Then Equations (1) to (3) will be non-dimensionalized by using the following dimensionless variables: 
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    Where 
3
1
3
2
g
L Q is reference length, Gr is the Grashof number, θ is the non-dimensional temperature, U
PQ   is 
kinematic viscosity. Substituting the relations (5) into the equations (1) to (3),the following non-dimensional 
equations are obtained 
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  is the non-dimensional heat generation 
parameter. The corresponding boundary conditions (4) then take the following form: 
 
     u =0 ,v=0 , T - 1= p
yw
wT  on  y=0,  x > 0                                                                                                                                                         (9) 
         
      uo 0, vo 0   as yof  , x > 0 
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To solve the equations (7) and (8) subject to the boundary conditions (9) , the following transformations are 
proposed by Merkin & Pop (1996) 
     ),()1( 20/15/4 K\ xfxx  ,  
 
    20/15/1 )1(   xyxK  ,                                                    (10) 
                   
    hxx 5/15/1 )1(  T ),( Kx    
         
    Here K  is the dimensionless similarity variable and\  is the stream function which satisfies the equation of 
continuity and 
x
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y
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w w
w \\ ,   and  h ),( xK  is the dimensionless temperature. Substituting (10) into equations (7) 
and (8) we get , after some algebra  the following transformed non dimensional equations. 
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Here primes denote differentiation with respect toK . Boundary conditions (9) takes the following form 
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    From numerical computation, the values of the surface shear stress in terms of the skin friction coefficient  can be 
written in the following non-dimensional form 
    
wf
LGrC WPQ
24
3
  where »»¼
º
««¬
ª
¸¸¹
·
¨¨©
§
w
w 
 0y
w y
uPW is the shearing stress.  
    Using the new variables described in (5), the local skin friction co-efficient and the surface temperature are 
obtained from the following relation 
     0,)1( 20352 xfxxC xf cc                                             (14) 
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3.  Method of Solution 
    This paper investigated the combined effect of conduction and convection on MHD flow along a vertical flat plate 
in presence of viscous dissipation and heat generation. Along with the boundary condition (13),the solution of the 
parabolic differential equations (11) and (12) will be found by using the implicit finite difference method together 
with Keller-box scheme [7] which is well documented by Cebecci and Bradshaw[2]. 
 
4.  Results and Discussion 
    The velocity, the temperature, the local skin friction co-efficient and the surface temperature profiles obtained 
from the solutions of equations (11) and (12) are depicted in Figs. 2 to 9. From figure 2(a) it is seen that the velocity 
decreases by 11.97% when Pr increases from 0.73 to 1.7. In figure. 2(b) the temperature decreases by 6.95% for 
increasing values of Pr at the surface. Both the velocity and the temperature profiles accumulate nearly at the some 
positions of η. We observe that in Figure 3(a) the velocity profile increases by 3.5% with the increase of the viscous 
dissipation parameter N which indicates that viscous dissipation increases the fluid motion slightly. In Figure.3 (b) 
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the similar behaviour has also been observed for the temperature profile .In Figure. 4(a),it is shown that the 
magnetic field acting along the horizontal direction retards the fluid velocity with  Pr =0.9 ,N= 1.0 and  Q=0.20. 
From figure. 4(b), it can be observed that the temperature within the boundary layer decreases by 0.5% for the 
increasing values of M from 0.5 to 2.0. We observe that in Figure 5(a) and Figure.5 (b) the velocity and the 
temperature profile increases with the increase of the heat generation parameter Q.  It means that the velocity 
boundary layer and the thermal boundary layer thickness expand for large values of Q. At η =1.30254 for 3rd, 4th 
and 5th maximum values  it is observed that the velocity increases by 4.48% as Q increases from 0.01 to 1.5. 
The variation of the local skin friction co-efficient Cfx and surface temperature for different values of Pr on the skin 
friction and heat transfer co-efficient against x with N = 1.0, M =0.5, and Q=0.20 are illustrated in Fig.6 (a) and 
Figures.6 (b) respectively .Here, as the Prandtl number Pr increases, the skin friction coefficient Cf x increases up to 
a certain level from the position of x and then decreases gradually .It is seen that in Figure 6(b) the surface 
temperature θ decreases with the increase of Prandtl number . It is seen in Figures 7(a) and 7(b) the skin friction 
coefficient Cf x   and surface temperature θ decreases as the viscous dissipation parameter N increases Pr = 0.9, 
M=0.50 and Q = 0.20.It is observed that at x = 0.7336, the skin friction co-efficient Cfx decreases by 10.16% and the 
surface temperature θ decreases by 3.58% as N increases from 0.5 to 2.0. In Fig.8(a) and Fig. 8(b) it can also be seen 
that with the increasing values of magnetic parameter M both the skin friction co-efficient and the surface 
temperature θ decreases by 22.22% and 2% as M increases from 0.5 to 2.0 at x=1.0265 .From Figures 9(a) and 9(b) 
we see that the effect of heat generation parameter Q leads to a increase in the local skin friction co-efficient Cfx but 
decreases monotonically in the surface temperature. 
 
 
 a b 
 
 
 
 
 
 
 
Fig. 2. (a) Velocity; and  (b) Temperature profiles against K  for different values of Prandtl number Pr with N= 1.0, M =0.50 and Q =0.20. 
 
 a b 
 
 
 
 
 
 
 
Fig. 3. (a) Velocity; and (b) Temperature profiles against K  for different values of viscous dissipation parameter N with Pr=0.9 ,M =0.50 and Q 
=0.20. 
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Fig.4. (a) Velocity; and  (b) Temperature profiles against K  for different values of magnetic parameter M with Pr=0.9 ,N =0.50 and Q=0.20. 
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Fig. 5. (a) Velocity and (b) Temperature profiles against K  for different values of heat generation parameter Q with Pr=0.9 ,M =0.50 and N=1.0. 
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Fig. 6. (a) Skin friction coefficients; and (b) surface temperature against x for different values of Prandtl number Pr with with N= 1.0, M =0.5 and 
Q =0.20. 
  
       a              b 
 
 
 
 
 
 
 
Fig. 7. (a) Skin friction coefficients; and (b) surface temperature against x for different values of viscous dissipation parameter N with Pr=0.9,M 
=0.50 and Q =0.20. 
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Figure.8. (a) Skin friction coefficients and (b) surface temperature against x for different values of magnetic parameter M with Pr=0.9 ,N =0.50 
and Q=0.20 
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Fig. 9.  (a) Skin friction coefficients; and (b) surface temperature against x for different values of of heat generation parameter Q with Pr=0.9 ,M 
=0.50 and N=1.0. 
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    The following table  depicts the comparison of present numerical results of the surface temperature θ(x ,0) with 
those obtained by Pozzi and Lupo(1988) and Merkin and Pop(1996) respectively. Here the viscous dissipation 
parameter N and heat generation parameter Q are ignored and the Prandtl number Pr =0.733 with [ 5
1
x is chosen .It 
is clearly shown that there is an excellent agreement among the present results with the solutions of Pozzi and Lupo 
in 1998 and Merkin and Pop in 1996. 
          Table 1.  Comparison of the present numerical results of the surface temperature profile with Pr = 0.733, 
 N= 0.0, M =0.0 and Q =0.0. 
[ 5
1
x  
Surface Temperature θ(x ,0) 
Pozzi and Lupo(1988)                               Merkin and Pop(1996)                       Present result 
0.7 
0.8 
0.9 
1.0 
1.1 
1.2 
0.651                                                     0.651                                                  0.651 
0.684                                                     0.686                                                  0.687 
0.708                                                     0.715                                                  0.716 
0.717                                                     0.741                                                  0.741 
0.699                                                     0.762                                                  0.762 
       0.640                                                      0.781                                                    0.781              
5.  Conclusion 
     The combined effect of conduction and convection on MHD flow along a vertical flat plate in presence of 
viscous dissipation and heat generation have been studied numerically. From the present investigation the following 
conclusion may be drawn: 
(i) The velocity and temperature within the boundary layer increases for decreasing values of Pr and M and for 
increasing values of Q and N. 
(ii) The local skin friction co-efficient decreases for the increasing values of Pr, N and M and increases for 
increasing values of Q . 
(iii) An increase in the values of Pr , N,M and Q  leads to an decrease in surface temperature . 
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